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MULTIPLICATION FORMULAS IN MOUFANG LOOPS
ALEXANDER N. GRISHKOV AND ANDREI V. ZAVARNITSINE
Abstract. Using groups with triality we obtain some general multiplication for-
mulas in Moufang loops, construct Moufang extensions of abelian groups, and
describe the structure of minimal extensions for finite simple Moufang loops over
abelian groups.
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1. Introduction
A multiplication formula for a loop L with respect to its decomposition L =MN ,
where M,N are subloops of L, is a rule of expressing the product of two elements of
the form mn, with m ∈ M and n ∈ N , again in the same form that often assumes
the multiplication within both M and N and some other information to be known.
Multiplication formulas generalize the concept of semidirect product of groups and
have been used to give explicit constructions of new loops. Some examples of such
formulas for Moufang loops can be found in [2, 3, 4, 6].
Given a Moufang loop L with a normal subloop N , we use its corresponding group
with triality G to derive a general multiplication formula for the decomposition L =
MN where M is a subloop. The formula takes especially simple form when the
subgroup of G corresponding to N is abelian. We then give two important special
examples of this formula. The first one comes from modules for wreathlike triality
groups G×G×G. We obtain a criterion when these modules admit triality and write
explicitly the corresponding multiplication rule. The second example may be viewed
as a generalization of group action on associative algebras to Moufang loop ‘action’ on
alternative algebras. Whenever a Moufang loop M is mapped to invertible elements
A× of an alternative algebra A, one can always construct a semidirect product M⋌U
which is a Moufang loop, where U is any subgroup of the additive group of A invariant
under the operators Lm,n and Tm for m,n ∈M .
The Moufang loops that are upward extensions of abelian group by simple loops
are of special interest. We describe the structure of all known minimal such extensions
for finite simple noncyclic Moufang loops and conjecture that there are no others.
2. Preliminaries
For elements x, y in a group, we set [x, y] = x−1y−1xy and define the conjugation
operator Jy : x 7→ y
−1xy. The symmetric group of permutations of a set X is denoted
by Sym(X). The notation V ⊕n means the direct sum of n copies of a module V .
A loopM is called a Moufang loop if xy ·zx = (x ·yz)x for all x, y, z ∈M , where we
use the common shorthand notation x · yz = x(yz). For basic properties of Moufang
loops, see [1]. Associative subloops of M will be called subgroups.
Supported by FAPESP (proc. 2014/13730-0).
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If (M, .) is a Moufang loop and x, y ∈M then we define
yLx = x.y, yRx = y.x, Tx = L
−1
x Rx, Px = L
−1
x R
−1
x ,
Lx,y = LxLyL
−1
yx , Rx,y = RxRyR
−1
xy .
(1)
We use the notation Jx, yK = x−1.y−1.x.y instead of [x, y] to denote the commutator
in M . We also set (x, y, z) = (x.yz)−1(xy.z).
A pseudoautomorphism of a Moufang loop (M, .) is a bijection A : M → M with
the property that there exists an element a ∈M such that
xA.(yA.a) = (x.y)A.a for all x, y ∈M.
This element a is called a companion of A. The set of pairs (A, a), where A is a
pseudoautomorphism of Q with companion a, is a group with respect to the operation
(A, a)(B, b) = (AB, aB.b).
This group is denoted by PsAut(M). It is known [1, Lemma VII.2.2] that (Tx, x
−3)
and (Rx,y, Jx, yK) belong to PsAut(M).
A group G possessing automorphisms ρ and σ that satisfy ρ3 = σ2 = (ρσ)2 = 1 is
called a group with triality 〈ρ, σ〉 if
(x−1xσ)(x−1xσ)ρ(x−1xσ)ρ
2
= 1
for every x in G. In a group G with triality S = 〈ρ, σ〉, the set
M(G) = {x−1xσ | x ∈ G}
is a Moufang loop with respect to the multiplication
m.n = m−ρnm−ρ
2
(2)
for all n,m ∈M(G). Conversely, every Moufang loops arises so from a suitable group
with triality. For more information on the relation between groups with triality and
Moufang loops, see [5, 7].
S-invariant subgroups of a group G with triality (for short, S-subgroups) are also
groups triality S, whose corresponding Moufang loops are subloops of M(G). If G is
a group with triality then, for g ∈ G, we define
ϕ(g) = g−ρgρ
2
.
Lemma 1. Let G be a group with triality S = 〈ρ, σ〉. Denote M = M(G) and
H = CG(σ). Then, for all m,n, l ∈M and h ∈ H, we have
(i) m,mρ, mρ
2
pairwise commute;
(ii) m−ρnm−ρ
2
= n−ρ
2
mn−ρ;
(iii) [nρ
2
, m−ρ] = [n−ρ, mρ
2
] ∈ H;
(iv) m.n.m = mnm;
(v) ϕ(H) ⊆M and ϕ(M) ⊆ H;
(vi) Mh =M ; moreover, (Jh, ϕ(h)) ∈ PsAut(M);
(vii) for k = [mρ, n−ρ
2
], we have (Jk, ϕ(k)) = (Rm,n, Jm,nK);
(viii) for k = ϕ(m), we have (Jk, ϕ(k)) = (Tm, m
−3);
(ix) (l,m, n) = [k, l]l
ρ
2
, where k = [n−ρ, mρ
2
].
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Proof. (i)–(viii) See [5, Lemmas 2,4].
(ix) We have
(l,m, n) = (l.mn)−1(lm.n) = (mn)−1(m.nl−1).l = l−1Ln,m.l
= l−1Jk.l = l
−ρ2(l−1Jk)ll
ρ2 = [k, l]l
ρ
2
,
where the second equality follows from multiplying both sides by l−1 and using the
Moufang identities. We have also used (vii) keeping in mind that Ln,m = Rn−1,m−1 ,
see Lemma 5(ii). 
3. Auxiliary results
Lemma 2. Let G be a group with triality S = 〈ρ, σ〉. Denote M = M(G) and
H = CG(σ). We have
(i) g−1mgσ ∈M for every g ∈ G and every m ∈M .
(ii) The map χ : G→ Sym(M), g 7→ χg, given by mχg = g
−1mgσ, m ∈ M , is a
group homomorphism with kerχ = CH(M).
Proof. (i) Since m ∈ M , we have m = x−1xσ for some x ∈ G. Then g−1mgσ =
(xg)−1(xg)σ ∈M .
(ii) Clearly, χg ∈ Sym(M) and χg1χg2 = χg1g2 . If g ∈ kerχ then 1 = 1χg = g
−1gσ,
which yields g ∈ H. Moreover, m = mχg = g
−1mg for very m ∈ M , and so
g ∈ CH(M). The reverse inclusion is obvious. 
The permutation action χ of G on M defined in Lemma 2(ii) has the following
implications. First, the three subsets M,Mρ,Mρ
2
of G are naturally permuted by S
and their corresponding action χ on M is given by the following.
Lemma 3. For every m ∈M , we have
χm = Pm; χmρ = Lm; χmρ2 = Rm.
Proof. For every n ∈M , we have
nχm = m
−1nm−1 = m−1.n.m−1 = nPm;
nχmρ = m
−ρnm−ρ
2
= m.n = nLm;
nχ
mρ
2 = m−ρ
2
nm−ρ = n.m = nRm
by Lemma 1, and the claim follows. 
In particular, Lemma 3 demonstrates how the classical triality for Moufang loops
Px
ρ
7−→ Lx
ρ
7−→ Rx
ρ
7−→ Px,
Px
σ
7−→ P−1x , Lx
σ
7−→ R−1x , Rx
σ
7−→ L−1x .
(3)
can be observed from the permutation action χ of G on M .
Also, the action χ restricted to the subgroups H,Hρ, Hρ
2
, where H = CG(σ), is
related to the induced pseudoautomorphisms Jh, h ∈ H, of M and their companions
ϕ(h), see Lemma 1(vi), in the following manner.
Lemma 4. For every h ∈ H, we have
χh = Jh; χhρ = JhRϕ(h); χhρ2 = JhLϕ(h)−1 .
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Proof. For every m ∈M , we have
mχh = h
−1mhσ = h−1mh = mJh;
mχhρ = h
−ρmhρ
2
= (h−ρhρ
2
)−ρ
2
h−1mh(h−ρhρ
2
)−ρ = mJh.ϕ(h);
mχ
hρ
2 = h−ρ
2
mhρ = (h−ρhρ
2
)ρh−1mh(h−ρhρ
2
)ρ
2
= ϕ(h)−1.mJh
by Lemma 1, and the claim follows. 
Lemma 5. Let M be a Moufang loop and let x, y,m ∈M . Then
(i) m−1(mx · y) = xm−1 ·my = (x · ym−1) ·m;
(ii) Rx,y = Lx−1,y−1 = RxL
−1
y R
−1
x Ly;
(iii) x−1 · (xy−1 ·m)y = y−1x−1 · (xm · y) = (y−1 ·mx−1) · xy = y−1(m · yx−1) · x;
(iv) The operator Dx,y : m 7→ x
−1 · (xy−1 · m)y is a pseudoautomorphism of M
with companion y−1xy−2x−1;
(v) In PsAut(M), we have
(Dx,y, y
−1xy−2x−1) = (Lx,y−1 , Jx
−1, yK) (Ty, y
−3) (Ly,x, Jy
−1, x−1K).
Proof. (i) The first equality holds, since the left Moufang identity implies
m · (xm−1 ·my) = mxm−1m · y = mx · y.
The second equality is dual to the first one (i.e. follows by inversion).
(ii) The first equality is known [1, Lemma VII.5.4]. Applying (i), we have
mRx,y = (mx · y) · y
−1x−1 = y · (y−1 ·mx)x−1 = mRxLy−1Rx−1Ly
(iii) In order to show the first equality, it suffices to prove that xy−1 ·m = x(y−1x−1 ·
(xm · y)) · y−1. Using the Moufang identities, the right-hand side can be rewritten as
x(y−1x−1 · (x · x−1(xm · y))) · y−1 = (xy−1 · x−1(xm · y)) · y−1
=x(y−1x−1 · (xm · y)y−1) = xy−1x−1x ·m = xy−1 ·m.
The third equality is dual to the first one. In order to show the second one, it
suffices to prove that xm · y = xy · (y−1 · mx−1) · xy. The right-hand side equals
x(mx−1 · xy) = xmx−1x · y = xm · y.
(iv) follows from (v).
(v) We first show that Dx,y = Lx,y−1TyLy,x. By the second expression in (iii), we
have Dx,y = LxRyL
−1
xy . On the other hand, (ii) implies
Lx,y−1TyLy,x = (R
−1
x L
−1
y RxLy)Ly−1Ry(LyLxL
−1
xy ) = R
−1
x L
−1
y RxRyLyLxL
−1
xy .
Hence, it remains to show that R−1x L
−1
y RxRyLyLx = LxRy. This follows from
RxRyLyLx = LyRxLxRy, which in turn follows by
x(y ·mx · y) = x(ym · xy) = (x · ym · x)y
for every m due the Moufang identities.
For the companion, we have
(Jx−1, yKTy ·y
−3)Ly,x ·Jy
−1, x−1K = (y−1 ·xy−1x−1y ·y)y−3 ·yxy−1x−1 = y−1xy−2x−1,
where we have used the fact that Lx,y acts as the identity on the subgroup 〈x, y〉 due
to diassociativity.

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4. A multiplication formula
Lemma 6. Let G be a group with triality S and let m,n, u, w ∈M(G). Then
(m.u).(n.w) = (m.n).x, (4)
where
x = u−ρn
−ρmρ
2
w[n
ρ
2
,m−ρ]u−ρ
2nρ
2
m−ρ ∈M(G); (5)
and
(m.u)−1 = m−1.y, where y = uρm
−1
uρ
2m. (6)
Proof. The left-hand side of (4) can be expanded using (2) and Lemma 1(iii) as
follows
m−ρum−ρ
2
.n−ρwn−ρ
2
= (mu−ρmρ
2
)n−ρwn−ρ
2
(mρu−ρ
2
m) = (mn−ρmρ
2
)×
×m−ρ
2
nρu−ρn−ρmρ
2
[mρ
2
, n−ρ]w[nρ
2
, m−ρ]mρn−ρ
2
u−ρ
2
nρ
2
m−ρ(mρn−ρ
2
m)
=(m−ρnm−ρ
2
)−ρu−ρn
ρmρ
2
w[n
ρ
2
,m−ρ]u−ρ
2nρ
2
mρ(m−ρnm−ρ
2
)−ρ
2
= (m.n).x
Observe that x = g−1whgσ, where h = [nρ
2
, m−ρ] ∈ CG(σ) and g = u
ρn−ρmρ
2
. Hence,
x ∈M(G) by Lemma 2.
The inversion formula (6) follows from (5) by setting n = m−1 and using Lemma
1(i). 
This result can be applied in the following situation.
Lemma 7. Let K, V be S-subgroups of a group G with triality. Suppose that V is
normal in G and G = KV . Then (4) is a multiplication formula in the corresponding
Moufang loop M = M(G) with respect to its decomposition M = M(K)M(V ), where
M(V ) is a normal subloop of M and m,n ∈M(K), u, w ∈M(V ).
Proof. We only need to show that the element x from (5) lies in M(V ). This follows
from applying the natural homomorphism M →M/M(V ) to both sides of (4). 
Lemma 7 can be used to obtain a multiplication formula for any Moufang loop L
with respect to any decomposition L = MN , where M,N are subloops of L with N
normal, because there always exists a group with triality G as stated in the lemma
such that M(G) = L, M(K) =M and M(N) = V . In fact, any group G with triality
such that [G, S] = G and M(G) = L will have this property, see [7].
The case where V is abelian deserves special attention.
Lemma 8. If, under the assumptions of Lemma 7, V is an abelian subgroup of G
then the multiplication and inversion formulas in M(G) take the form
(m.u).(n.w)= (m.n).x, x = uDm,n + wLn,m;
(m.u)−1= m−1.y, y = −uT−1m
(7)
for all m,n ∈M(K), u, w ∈M(V ).
Proof. First, observe that Jh = Ln,m for h = [n
ρ2 , m−ρ] by Lemmas 1(iii, vii) and
5(ii). In particular, wh = wLn,m. Also, if we set w = 1 in (4), we have x =
(m.n)−1.((m.u).n) = uDm,n. Hence, with w = 1 the expression (5) gives
uDm,n = u
−ρn−ρmρ
2
u−ρ
2nρ
2
m−ρ . (8)
Since (m.u)−1 = u−1.m−1 = m−1.u−1T−1m , we have the expression for y.
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Assume now that V is abelian. Since V is a normal S-subgroup, all three factors
on the right-hand side of (5) belong to V . Permuting the last two factors and using
(8), we obtain (7) in the additive notation. 
Lemma 9. Suppose in a Moufang loop L = MU with a subloop M and a normal
abelian subgroup U , the multiplication is given by (7) for all m,n ∈ M , u, w ∈ U .
Then (l, u, w) = 1 for all l ∈ L, u, w ∈ U .
Proof. We use multiplicative notation in U . Using (7), we see that mu · w = m · uw
for every m ∈M . Hence, if l = mv for m ∈M , v ∈ U , we have lu · w = (m · vu)w =
m(vu · w) and l · uw = m(v · uw). The claim follows, since U is associative. 
Lemma 9 shows that not every Moufang loop L with decomposition L = MU ,
where U is normal abelian, has multiplication (7). For example, the abelian-by-cyclic
Moufang loops constructed in [6] have this decomposition, but do not satisfy the
conclusion of the lemma. The reason is that for those loops, in the corresponding
group with triality, the normal S-subgroup V such that M(V ) = U is not abelian.
The following generalization of Lemma 9 holds.
Lemma 10. Let G be a group with triality S and let V be an abelian S-subgroup of
G. Denote U = M(V ), which is an abelian subgroup of L = M(G). Then we have
(L, U, U) = 1.
Proof. Let l ∈ L and u, v ∈ U . Recall that U ⊆ V . By Lemma 1(ix), we have
(l, u, v) = [k, l]l
ρ
2
, where k = [v−ρ, uρ
2
]. Since V is S-invariant, we have v−ρ, uρ
2
∈ V .
Since V is abelian, we have k = 1. Therefore, (l, u, v) = 1 and the claim follows. 
In the next sections, we will show how the action of operators Dm,n, Ln,m, and Tm
that appear in the multiplication formula (7) can be restored from the group action
on modules or linked with the inner multiplication of an alternative algebra on its
additive group.
5. Modules for wreathlike triality groups
Let G be a group. It it known that T = G × G × G is a group with triality
S = 〈ρ, σ〉 (which we call wreathlike following [7]) with respect to the natural action
(g1, g2, g3)
ρ = (g3, g1, g2), (g1, g2, g3)
σ = (g2, g1, g3), whose corresponding Moufang
loop is isomorphic to G.
Let R be a commutative associative unital ring and let V be an RG-module which
is free of rank n as an R-module. The outer tensor product W = V#V#V is
an RT -module [9, Definition VII.43.1] which admits the natural action of S by
(v1# v2# v3)
ρ = v3# v1# v2, (v1# v2# v3)
σ = v2# v1# v3 that is compatible with
the action of T on W in the sense that (wt)τ = (wτ )(t
τ ) for all w ∈W , t ∈ T , τ ∈ S,
and hence is extended to A = T ⋌W . Our aim is to determine when A is a group
with triality S.
Lemma 11. The group A constructed above has triality S if and only if n 6 2. If
n = 1 then M(A) ∼= G.
Proof. Let e1, . . . , en be an R-basis of V . For t = (g1, g2, g3) ∈ T we have t
−1tσ =
(g−11 g2, g
−1
2 g1, 1). Hence, M(T ) = {(g
−1, g, 1) | g ∈ G}. By [6, Lemma 4], A has
triality S if and only ifW has triality S(m) for allm ∈M(T ), where S(m) = 〈ρ
2mρ2, σ〉.
Let m = (g−1, g, 1). Then ρ2mρ2 = ρ(g, 1, g−1) and ρm−1ρ = ρ2(1, g, g−1). Hence, A
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has triality if and only if, for every basis element eijk = ei# ej# ek of W and every
g ∈ G,
e
(1−σ)(1+ρ(g,1,g−1)+ρ2(1,g,g−1))
ijk = 0.
Expanding and acting on both sides by (1, 1, g), we have
(eijk − ejik)
(1,1,g) + (ekij − ekji)
(g,1,1) + (ejki − eikj)
(1,g,1) = 0.
Let ekg =
∑
s gkses, where gks ∈ R. Then the condition is rewritten as
n∑
s=1
gks(eijs − ejis + esij − esji + ejsi − eisj) = 0 (9)
which must hold for all g ∈ G, 1 6 i, j, k 6 n. In particular, setting g = 1 gives
eijk − ejik + ekij − ekji + ejki − eikj = 0.
This does not hold, say, for (i, j, k) = (1, 2, 3), if n > 3, since the basis elements are
linearly independent. However, if n 6 2 then (9) is satisfied, since at least two of
i, j, s will coincide.
In the case n = 1, the normal subgroup W of A is spanned by e111 on which S
acts trivially. Hence M(A) ∼= M(A/W ) ∼= M(T ) ∼= G. 
The case n = 2 is of main interest and we consider it now in more detail.
Theorem 12. Let G be a subgroup of GL2(R). Let V be the free R-module of rank 2
with the natural action “ ◦” of G. Denote by G⋌ V the set of pairs (g, u) for g ∈ G,
u ∈ V . Then with respect to the operation
(g, u) · (h, w) = (gh, u ◦ (det h)gh−2g−1 + w ◦ [h−1, g−1]) (10)
G⋌ V becomes a Moufang loop with identity (1, 0) and inversion
(g, u)−1 = (g−1,−u ◦ (det g)−1g2)
Moreover, this Moufang loop is isomorphic to M(A), where A = T ⋌W is the triality
group constructed above with respect to the RG-module V .
Proof. Let e1, e2 be an R-basis of V . Then eijk = ei# ej# ek, i, j, k = 1, 2, is a basis
of W = V#V#V . As above, let T = G × G × G with A = T ⋌W admitting the
natural action of S. By Lemma 11, A is a group with triality. We see that M(W ) is
spanned by f1 = e121−e211 and f2 = e122−e212. Let m,n ∈M(T ) and u, w ∈M(W ).
Lemma 6 implies that in the loop M(A) we have (m.u).(n.w) = (m.n).x, where
x = u−ρn
−ρmρ
2
−ρ2nρ
2
m−ρ + w[n
ρ
2
,m−ρ].
Let m = (g−1, g, 1) and n = (h−1, h, 1) for suitable g, h ∈ G. Then nρ
2
= (h, 1, h−1)
and m−ρ = (1, g, g−1). Therefore,
[nρ
2
, m−ρ] = (h−1, 1, h)(1, g−1, g)(h, 1, h−1)(1, g, g−1) = (1, 1, [h−1, g−1]).
Observe that fk = (e1# e2 − e2# e1)# ek, k = 1, 2. Hence, the matrix of action of
(1, 1, [h−1, g−1]) in {f1, f2} coincides with the matrix of action of [h
−1, g−1] in {e1, e2}.
Similarly, we have
− ρn−ρmρ
2
− ρ2nρ
2
m−ρ = −n−1mρρ− nm−ρ
2
ρ2 = −(h, h−1, 1)(1, g−1, g)ρ
− (h−1, h, 1)(g−1, 1, g)ρ2 = −(h, h−1g−1, g)ρ− (h−1g−1, h, g)ρ2, (11)
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and this operator send the basis element eijk to
−ekg# eih# ejh
−1g−1 − ejh# ekg# eih
−1g−1.
Therefore, fk = (e1# e2 − e2# e1)# ek is sent to
(ekg# e2h− e2h# ekg)# e1h
−1g−1 − (ekg# e1h− e1h# ekg)# e2h
−1g−1. (12)
Observe that, for any a, b ∈ M2(R) with a = (ajl), b = (bjl) and any k, i = 1, 2, we
have
eka# eib− eib# eka = (ak1e1 + ak2e2)# (bi1e1 + bi2e2)−
(bi1e1 + bi2e2)# (ak1e1 + ak2e2) = (ak1bi2 − ak2bi1)(e1# e2 − e2# e1).
Denoting Ca,bki = ak1bi2 − ak2bi1, we check that(
Ca,b12 −C
a,b
11
Ca,b22 −C
a,b
21
)
= ab∗, (13)
where b∗ is the adjoint matrix of b, i.e. bb∗ = (det b)I with I the identity matrix.
Using this notation, (12) can be rewritten as
Cg,hk2 (e1# e2 − e2# e1)# (e1h
−1g−1)− Cg,hk1 (e1# e2 − e2# e1)# (e2h
−1g−1)
= (Cg,hk2 (h
−1g−1)11 − C
g,h
k1 (h
−1g−1)21)f1 + (C
g,h
k2 (h
−1g−1)12 − C
g,h
k1 (h
−1g−1)21)f2.
Therefore, (13) implies that the matrix of the transformation (11) in the basis {f1, f2}
equals(
Cg,h12 (h
−1g−1)11 − C
g,h
11 (h
−1g−1)21 C
g,h
12 (h
−1g−1)12 − C
g,h
11 (h
−1g−1)21
Cg,h22 (h
−1g−1)11 − C
g,h
21 (h
−1g−1)21 C
g,h
22 (h
−1g−1)12 − C
g,h
21 (h
−1g−1)21
)
= gh∗h−1g−1 = (det h)gh−2g−1.
It is clear from this discussions that under the map m.u 7→ (g, u), where m =
(g−1, g, 1), the multiplication formula from Lemma 8 for the loop M(A) takes the
required form (10) thus giving the claimed isomorphism. The assertions about the
identity and inversion readily follow. 
The loop G⋌ V from Theorem 12 has a naturally embedded subgroup isomorphic
to G with elements of the form (g, 0) and a normal subgroup isomorphic to V with
elements (1, v). We will identify G and V with these corresponding subgroups and
call G⋌ V their (outer) Moufang semidirect product.
It is easily checked that G ⋌ V is nonassociative if and only if G is nonabelian.
Let G0 be the scalar subgroup of G. Then G0 is a central (hence, normal) subloop
of G⋌ V . The factor loop (G⋌ V )/G0, which we denote by G⋌ V with G = G/G0,
has a ‘projective’ analog of the formulas (10) with g, h replaced by g, h, because the
operators (det h)gh−2g−1 and [h−1, g−1] are constant on the cosets G : G0. We note
that G⋌ V can be nonassociative even when G is abelian.
The existence of the following Moufang semidirect product of finite simple groups
follows from the above construction along with the subgroup structure [12] of GL2(q):
• PSL2(q)⋌ (Fq ⊕ Fq), where q > 4 is a prime power;
• A5 ⋌ (Fp ⊕ Fp), where p ≡ ±1 (mod 10) is prime;
• A5 ⋌ (Fp2 ⊕ Fp2), where p ≡ ±3 (mod 10) is prime.
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6. Embedding in a Cayley algebra
A loop of shape GL2(R) ⋌ (R ⊕ R) also appears as a parabolic subloop of the
invertible elements of the split Cayley R-algebra O = O(R). We recall that O can be
defined as the set of all Zorn matrices(
a v
w b
)
, a, b ∈ R, v,w ∈ R3
with the natural structure of a free R-module and multiplication given by the rule(
a1 v1
w1 b1
)
·
(
a2 v2
w2 b2
)
=
(
a1a2 + v1 ·w2 a1v2 + b2v1
a2w1 + b1w2 w1 · v2 + b1b2
)
+
(
0 −w1 ×w2
v1 × v2 0
)
,
(14)
where, for v = (v1, v2, v3) and w = (w1, w2, w3) in R
3, we denoted
v ·w = v1w1 + v2w2 + v3w3 ∈ R,
v ×w = (v2w3 − v3w2, v3w1 − v1w3, v1w2 − v2w1) ∈ R
3.
It is well-known thatO is an alternative algebra and the set of its invertible elements
O× is a Moufang loop. The parabolic subloop of O× can be identified with the set of
elements of the form (
a11 (0, a12, r1)
(r2, a21, 0) a22
)
, (15)
where (aij) ∈ GL2(R) and r1, r2 ∈ R.
Lemma 13. Let V be the free R-module of rank 2 with the natural action “ ◦” of
GL2(R). Then the outer Moufang semidirect product GL2(R)⋌ V is isomorphic to a
parabolic subloop of the Cayley algebra O(R).
Proof. Identifying the element (15) with the pair (a, r ◦ a−1), where a = (aij), r =
(r1, r2), one easily checks using (14) that such pairs are multiplied in O
× as follows
(a, r ◦ a−1) · (b, s ◦ b−1) = (ab, (r ◦ b∗ + s ◦ a) ◦ (ab)−1),
where b∗ is the adjoint matrix of b. Setting u = r ◦ a−1 and w = s ◦ b−1, we have
(a, u) · (b, w) = (ab, u ◦ ab∗b−1a−1 + w ◦ bab−1a−1),
which coincides with the formula (10). 
As a corollary we see that the Moufang semidirect product PSL2(q)⋌ (Fq ⊕ Fq) is
isomorphic to a maximal parabolic subloop of the finite simple Moufang loop M(q),
see [10].
7. The action of Moufang loops on abelian groups
Let R be a commutative associative unital ring and let A be an alternative R-
algebra with unit 1. It is well known [8, Lemma 2.3.7] that the Moufang identities
hold in A. In particular, the set of invertible elements A× of A is a Moufang loop.
For every x ∈ A×, the maps Lx : a 7→ xa, Rx : a 7→ ax are invertible linear operators
of A and we may also define the following operators
Tx = L
−1
x Rx, Lx,y = LxLyL
−1
yx , Dx,y = LxRyL
−1
xy .
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Clearly, when restricted to A× these operators coincide with those defined in (1) and
Lemma 5(iv) for Moufang loops.
Lemma 14. Let A be an alternative R-algebra. Then, for all m,n, k ∈ A×, we have
(i) Dm,n = Lm,n−1TnLn,m;
(ii) Ln,mDmn,km = Dn,kLnk,mDm·nk,m;
(iii) Dk,mLkm,mn = Lk,nLnk,mDm·nk,m;
(iv) Dm,nDmn,km + Lm,kLkm,mn = Dm,nkDm·nk,m + Lm,m·nk.
Proof. (i) This can be proved as Lemma 5(v), where we only used the Moufang
identities which also hold in alternative algebras.
(ii) By definition, we have
Ln,mDmn,km = LnLmL
−1
mnLmnRkmL
−1
mn·km = LnLmRkmL
−1
mn·km,
Dn,kLnk,mDm·nk,m = LnRkL
−1
nkLnkLmL
−1
m·nkLm·nkRmL
−1
m·nk·m
= LnRkLmRmL
−1
m·nk·m.
Since A× is a Moufang loop, it remains to show that LmRkm = RkLmRm. This
follows from ma ·km = (m ·ak) ·m for every a ∈ A, since the Moufang identities hold
in A.
(iii) We have
Dk,mLkm,mn = LkRmL
−1
kmLkmLmnL
−1
mn·km = LkRmLmnL
−1
mn·km,
Lk,nLnk,mDm·nk,m = LkLnL
−1
nkLnkLmL
−1
m·nkLm·nkRmLm·nk·m
= LkLnLmRmLm·nk·m.
Again, it suffices to show that RmLmn = LnLmRm. This follows from the Moufang
identity mn · am = (m · na) ·m.
(iv) We have
Dm,nDmn,km + Lm,kLkm,mn = LmRnL
−1
mnLmnRkmL
−1
mn·km
+ LmLkL
−1
kmLkmLmnL
−1
mn·km = Lm(RnRkm + LkLmn)L
−1
mn·km,
Dm,nkDm·nk,m + Lm,m·nk = LmRnkL
−1
m·nkLm·nkRmL
−1
m·nk·m
+ LmLm·nkL
−1
m·nk·m = Lm(RnkRm + Lm·nk)L
−1
m·nk·m.
The equality RnRkm + LkLmn = RnkRm + Lm·nk follows from
an · km+mn · ka = (a · nk) ·m+ (m · nk)a
for every a ∈ A, which in turn is the linearization of the Moufang identity xn · kx =
(x · nk)x with x = m+ a. 
Theorem 15. Let A be an alternative R-algebra and let M be a subloop of A×. Let
U a subgroup of the additive group of A that is invariant under the operators Tm and
Ln,m for all m,n ∈M . Denote by M ⋌ U the set of pairs (m, u) for m ∈M , u ∈ U .
Then with respect to the operation
(m, u) · (n, w) = (mn, uDm,n + wLn,m) (16)
M ⋌ U becomes a Moufang loop with identity (1, 0) and inversion
(m, u)−1 = (m−1,−uT−1m )
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Proof. First observe that U is also invariant under Dm,n due to Lemma 14(i); in
particular, uDm,n + wLn,m lies in U .
We show that the Moufang identity ab ·ca = (a ·bc)a holds for arbitrary a = (m, u),
b = (n, w), c = (k, v) in M ⋌ U . We have
ab · ca = (mn, uDm,n + wLn,m) · (km, vDk,m + uLm,k)
= (mn · km, (uDm,n + wLn,m)Dmn,km + (vDk,m + uLm,k)Lkm,mn).
Also,
(a · bc)a = (a · (nk, wDn,k + vLk,n))a = (m · nk, uDm,nk + (wDn,k + vLk,n)Lnk,m)a
=((m · nk) ·m, (uDm,nk + (wDn,k + vLk,n)Lnk,m)Dm·nk,m + uLm,m·nk).
The first components are equal, since M is a Moufang loop. The second components
are equal, since the operators acting on w, v, u coincide due to (ii), (iii), (iv) of Lemma
14, respectively.
The assertions about the identity and inversion are readily verified, once we note
that Dx,x−1 = Tx−1 , D1,x = Tx, and Dx,1 = Lx,x−1 = L1,x = Lx,1 is the identity
operator. 
Remark 1. Instead of considering M as a subloop of A× in Theorem 15, we may
clearly generalize this to an arbitrary loop homomorphismM → A×. In this situation
we will say that the loopM acts on the abelian subgroup U of A and call L =M⋌U an
outer semidirect product ofM and U . We will identifyM and U with their isomorphic
images in L consisting of elements (m, 0) and (1, u), respectively.
Remark 2. Once we make this identification, the multiplication and inversion
formulas for L take the inner form
mu · nw= mn · x, with x = uDm,n + wLn,m,
(mu)−1 = m−1 · y, with y = −uT−1m ,
(17)
which means that the operators Tm, Dm,n, Ln,m can be viewed as inner loop operators
in L without reference to the alternative algebra A, thus agreeing with the formulas
(7). Indeed, for example, (1, u) is sent by the loop operator L(m,0),(n,0) to
((nm)−1, 0)((n, 0) · (m, 0)(1, u)) = ((nm)−1, 0) · (n, 0)(m, u)
= ((nm)−1, 0) · (nm, uLm,n) = (1, uLm,n),
and similarly for Dm,n and Tm.
Remark 3. Let M0 be the scalar multiples of 1 contained inM . It is easily checked
that M0 is a central subloop of M ⋌ U and we denote the factor loop (M ⋌ U)/M0
by M ⋌ U , where M = M/M0.
Remark 4. If U0 is a subgroup of U invariant under Tm, Ln,m then U0 is a normal
subloop of M ⋌ U . In particular, this gives the Moufang loop (M ⋌ U)/U0 which we
denote by (M ⋌ U) with U = U/U0. Combining with the previous remark, we also
have a Moufang loop M ⋌ U .
8. Semidirect products for simple Moufang loops
We may use the previous results to construct outer semidirect product of loops
that arise from simple alternative algebras.
Let A be a Cayley-Dickson algebra over a field F equipped with a nondegenerate
quadratic form Q that makes A a composition algebra and an orthogonal space, see
[8, Chap. 2]. Let U = 1⊥, which is a 7-dimensional subspace of A. For all m,n ∈ A×
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the operators Lm,n and Tm leave fixed the unit 1, and since they also preserve Q,
they leave invariant the subspace U . If M 6 A×, by Theorem 15, there exists the
Moufang loop M ⋌ U . Moreover, if F has characteristic 2, we have U0 = 〈1〉 6 U .
Then U/U0 is 6-dimensional and we have the Moufang loop M ⋌ U .
Denote by SL(A) the loop of units of A of norm 1 and by PSL(A) its quotient by
the scalars. The latter loop is not always simple, but it is such in the following two
important special cases [11]. First, if A is the classic division algebra of octonions
over R, then PSL(A) is simple and we have the Moufang loop PSL(A)⋌R⊕7. Second,
if A is a split Cayley algebra over any field F . Then PSL(A) is simple and we have
the loops PSL(A) ⋌ F⊕n, where n = 6 or 7 according as F has characteristic 2 or
otherwise.
In particular, the following semidirect products for finite simple Paige–Moufang
loops M(q) exist:
• M(q)⋌ F⊕7q , where q is an odd prime power;
• M(q)⋌ F⊕6q , where q is a power of 2;
• M(2)⋌ F⊕7p , where p is an odd prime.
The extensions in the last exceptional case exist due to the embedding of M(2) as a
maximal subloop into M(p) for p an odd prime, see [10].
9. Extensions of Moufang loops with abelian kernel
Let M be a Moufang loop and U an abelian group. Suppose there is a short exact
sequence of Moufang loops
1→ U → E →M → 1 (18)
We will identify U with its image in E and say that the extension (18) of M is
minimal, if U contains no subgroup that is a normal subloop of E.
The known nontrivial (i. e. nonassociative and not of the form U ×M) minimal
extensions of finite simple noncyclic Moufang loops are as follows:
• Moufang semidirect products G ⋌ V for a finite simple group G listed in
Section 5.
• Outer semidirect products M ⋌ U for finite simple Moufang loops M listed
in Section 8.
• Nonsplit central extensions 1 → Z/2Z → E → M(q) → 1, where q is an odd
prime power or q = 2.
The extensions in the last case are isomorphic to SL(A), where A = O(q) is the finite
Cayley algebra if q is odd, and to the exceptional double cover of M(2) of order 240
if q = 2, see [10]. The minimality of these extensions is quite apparent from their
construction. We put forward
Conjecture 1. Up to isomorphism, the only nontrivial minimal extensions for finite
simple noncyclic Moufang loops are those given in the list above.
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